The complete Rayleigh-Sommerfeld scalar diffraction formula contains (1 Ϫ ikR) in the integrand. Usually the wavelength is small compared with the distance of the observation point from the aperture and (1 Ϫ ikR) is approximated by ϪikR alone. Other approximations usually made in the Rayleigh-Sommerfeld formula are addressed as well. Closed-form solutions, without approximations, are possible wherein interesting consequences of these approximations become apparent.
INTRODUCTION
In the scalar diffraction theory of light, 1,2 the RayleighSommerfeld diffraction formula is In this formula the area integration is over the open areas of the aperture located in the plane at z ϭ 0 of a righthanded coordinate system, and the points in the aperture have coordinates (xЈ, yЈ, 0). The complex amplitude of the optical field in the aperture is described by the function V(xЈ, yЈ, 0). The complex amplitude of the diffracted field in the right half-space is described by the function V(x, y, z) at the point of observation x, y in the plane z Ͼ 0. In Eq. (1), RЈ ϭ ͓(x Ϫ xЈ) 2 ϩ ( y Ϫ yЈ) 2 ϩ z 2 ͔ 1/2 and denotes the distance from the point (xЈ, yЈ, 0) in the aperture to the point of observation (x, y, z). The direction cosine z/RЈ describes the obliquity factor in the Rayleigh-Sommerfeld theory, and the propagation constant is given by k ϭ 2/, where is the wavelength of the illuminating monochromatic light.
Typically, it is assumed that the wavelength of light is very small compared with the distance of the observation point from the aperture ( Ӷ RЈ), and several approximations are made in Eq. (1) . One such approximation (1 Ϫ ikRЈ) Ϸ ϪikRЈ is made, where the ''1'' is neglected in comparison with ϪikRЈ. In this paper we examine the consequences of this approximation by studying the contribution of the neglected term 1 through the analysis of several common diffraction geometries.
First, the on-axis irradiances beyond a circular aperture of radius a and the circular aperture's corresponding complementary aperture, the opaque disk of radius a, are determined. Next, the on-axis irradiance due to a Fresnel zone plate is computed. Finally, the on-axis irradiance due to converging spherical-wave illumination of the circular aperture is obtained. These cases are studied without any approximations in the RayleighSommerfeld diffraction formula given in Eq. (1).
Although it is well known that the exact boundary conditions are not known in the formulation of diffraction theories, nevertheless the formalism of Fresnel-Kirchhoff or Rayleigh-Sommerfeld has been used as a reliable guide to obtain diffraction patterns of interest in practical situations. Furthermore, the Rayleigh-Sommerfeld formalism is known to be self-consistent in that it can successfully reproduce the assumed boundary conditions. Strictly within these bounds, we show in this paper some easily obtained closed-form solutions of most interest in practical optics.
The effects of other typical approximations are examined as well but only in the context of a circular diffracting aperture. Figure 1 shows a circular aperture of radius a in a thin nonconducting opaque screen at z ϭ 0 with the origin of the coordinate system at the center of the aperture. The aperture is illuminated by a normally incident monochromatic plane wave of amplitude A propagating along the ϩz axis, V(xЈ, yЈ, 0) ϭ A exp(ikz). It can be shown by a suitable change of variables that the on-axis wave amplitude at (0, 0, z) is
CIRCULAR APERTURE
where RЈ ϭ (xЈ 2 ϩ yЈ 2 ϩ z 2 ) 1/2 . Since RЈ ӷ , generally the 1 is neglected in comparison with ikRЈ. The following calculation is done without making this approximation. The angle Ј integration is from 0 to 2 and RЈ is from 0 to R a , where
. Thus Eq. (2) is rewritten in the form
Integration by parts gives
The last two terms cancel exactly, and the on-axis diffraction amplitude is
The first term is the incident plane wave arriving at z, and the second term, as will be seen below, is the on-axis diffraction amplitude for the opaque disk, in accordance with Babinet's principle. The on-axis irradiance at z is
The irradiance described by Eq. (5) is plotted in Fig. 2 for A ϭ 1 and an aperture radius of 8 wavelengths. At the aperture, z ϭ 0, the irradiance is unity, in accordance with the assumed boundary value of the incident field; see Fig. 2 (a). As z increases, the irradiance oscillates, reaching larger local maxima and smaller local minima until in the far zone the on-axis irradiance maximum is approximately 4 times the incident irradiance and the minimum is zero; see Fig. 2 
OPAQUE DISK
The open aperture in the opaque screen of Fig. 1 is now replaced by an opaque disk with the same radius a, and the opaque screen is removed. The wave amplitude is computed by means of Eq. (3) but with new limits of integration: R a р RЈ р ϱ. After integration by parts and cancellation of terms as before, we obtain for the on-axis wave amplitude
The corresponding on-axis irradiance at z is
The irradiance described by this expression is plotted in Fig. 3 for A ϭ 1 and for a disk radius of 8 wavelengths.
Immediately behind the disk, the boundary value of zero on-axis irradiance is obtained. As z increases, the irradiance increases monotonically until at large values of z the irradiance approaches 1, namely, the irradiance of the unobstructed wave. Immediate verification of Babinet's principle is found by adding Eqs. (4) and (6), 
where V un stands for the unobstructed incident plane wave. Vectorial representations of Babinet's principle are shown in Fig. 4 .
In Fig. 4 (a), vector AB represents the on-axis wave amplitude due to a circular aperture [see Eq. (4)]. Vector BC represents the on-axis wave amplitude due to an opaque disk with the same radius as the circular aperture. Vector AC is equal to the on-axis amplitude of the unobstructed plane wave and is of constant length. The vectors AB and BC always sum to AC, but each will change in magnitude and direction as a function of z. The entire vector diagram rotates counterclockwise about point A as z increases, completing one rotation for every increment of z equal to one wavelength. The square of AB corresponds to the irradiance of Eq. (5). 
HIDDEN BOUNDARY WAVE
It is of some interest to observe that the term 1 that we usually neglect from (1 Ϫ ikRЈ) resulted in a contribution to the diffraction integral that exactly canceled the contribution from the term that we usually keep, namely, ikRЈ. This happened in both cases: the circular aperture and the opaque disk. When the noted approximation is made in the Rayleigh-Sommerfeld theory, the terms in the integrand are regarded as contributions of the Huygens secondary wavelets, and the sum over all such secondary wavelets over the open areas of the aperture yields the diffraction pattern. However, an inspection of Eq. (4) suggests that the on-axis wave amplitude for the circular aperture may be thought of as being made up of two contributions: (a) the unobstructed-wave am- Fig. 3 . Plot of the on-axis irradiance for the case of a circular disk of radius a ϭ 8. 5 and the paper by Rubinowicz. 6 Without any approximations the boundary-wave approach yields a closed-form solution for the on-axis wave amplitude, in contrast to the sum over secondary wavelets of Huygens.
FRESNEL ZONE PLATE
A pair of complementary odd and even Fresnel zone plates are shown in Figs. 5(a) and 5(b) , respectively. The details of the variation of on-axis irradiance for the case of a zone plate can be studied by the application of the waveamplitude expression of Eq. (4) for the circular aperture. Let f be the primary focal length of the zone plate. The radii of the zone plate, a n , are defined by the relation, a n ϭ ͓n( f ϩ n/4)͔ 1/2 , and the nth Fresnel zone is between radii a nϪ1 and a n . Furthermore, define the distances d n ϭ (a n 2 ϩ z 2 ) 1/2 and d 0 ϭ z. For notational convenience, it is also advantageous to define
Assume that the zone plate is illuminated by normally incident collimated light. Then the on-axis wave amplitude at primary focus for the zone plate with the evennumbered zones open is expressed by
where N is the number of even-numbered zones open in the aperture of the zone plate. On the other hand, if the complementary odd zone plate is illuminated, the total on-axis wave amplitude at the primary focus will be made up of contributions from all the odd-numbered zones. This contribution is
There are N ϩ 1 odd-numbered zones. The total number of Fresnel zones in the aperture of the zone plate is (2N ϩ 1).
Figures 6(a) and 6(b) are plots of the on-axis irradiance for an even zone plate with N ϭ 100. When the evennumbered zones contribute, the irradiance approaches zero for z ϭ 0. (For an odd zone plate, the irradiance approaches unity at z ϭ 0.) A remarkable feature is noted for small changes in z about the primary focus z ϭ f. The change in irradiance in the neighborhood of the primary focus is similar to a sinc-squared function, which is an irradiance profile usually associated with rectangular diffracting apertures; see Fig. 6(a) . To understand this behavior, let z ϭ f ϩ ⌬z, where ⌬z is the displacement of the observation plane from the primary focus. By using a Taylor series expansion for small ⌬z, it can be shown that the irradiance in the neighborhood of z ϭ f is given by
where the symbol ␥ is substituted for ␥ ϵ ⌬z 2f .
In relation (12), only terms linear in ⌬z are included, and near focus, relation (12) shows sinc-squared-function behavior. For large values of N, the primary focus and the subsidiary foci at If a sufficient number of Fresnel zones are included, the on-axis irradiance distribution in the neighborhood of the secondary foci is similar to rectangular Fresnel diffraction patterns; see Fig. 6(b) . As one goes farther in toward the zone plate, the subsidiary foci lose their distinctness for a given N value until the amplitude approaches the boundary value in the plane of the zone plate, as explained above.
COMPARISON OF COMPLETE AND APPROXIMATE RAYLEIGH-SOMMERFELD DIFFRACTION FORMULAS
We now look at two special cases where the RayleighSommerfeld diffraction formula of Eq. (1) is used. For converging-wave illumination, a numerical integration of Eq. (1) is performed. For plane-wave illumination, the closed-form solution of Eq. (5) is compared with the numerical integration of Eq. (1) by use of other approximations of the Rayleigh-Sommerfeld diffraction formula usually seen in the literature: the cosine term approximated to unity and the paraxial approximation.
A. Converging-Wave Illumination
A converging wave of radius of curvature R c is used to illuminate a circular aperture of radius a, as shown in Fig.  7 . The input to Eq. (1) is
where we have used
In this figure, Q is the aperture point with coordinates (xЈ, yЈ, 0), E is the on-axis observation point with coordinates (0, 0, z) and C is the center of curvature (0, 0, R c ).
With the notation described here, the RayleighSommerfeld diffraction formula of Eq. (1) may be written in the form
The angle integration has been performed over the interval [0, 2]. In this equation RЈ is given by RЈ ϭ (xЈ
1/2 . Equation (15) can be easily computed by using Mathcad. In Fig. 8 , the on-axis irradiance I(0, 0, z) corresponding to the wave amplitude given in Eq. (15) is plotted for values of z from z ϭ 0 at the aperture to z у R c . At the aperture the irradiance equals the boundary value, unity. Figure 8 shows the oscillatory behavior of the irradiance I(0, 0, z) with minima in the neighborhood of the aperture and zeros in the neighborhood of the center of curvature. The maximum of the irradiance occurs at a value of z Ͻ R c . In the computation, a ϭ 7 and R c ϭ 40.
B. Plane-Wave Illumination
In this example the circular aperture of radius 10 is illuminated by a normally incident plane wave, and the onaxis irradiance is computed by using Eqs. (1) and (5) . Figure 9(b) shows the complete closed-form solution of Eq. (5) and the on-axis irradiance computed by using Eq.
(1) with the cosine term set to unity, all other terms being left undisturbed. The plot shows excellent agreement with the complete, closed-form solution beyond 50. However, for values of z Ͻ 50, amplitude errors are detected. These errors increase in magnitude as z approaches the aperture. While the amplitude fluctuations are in phase with those of the complete closed-form solution, there is no tapering of the maxima and minima.
Figure 9(c) shows the complete closed-form solution of Eq. (5) and the on-axis irradiance computed by using Eq.
(1) with the paraxial approximation, all other terms being left undisturbed. The plot shows good agreement with the complete closed-form solution beyond 50. However, for values of z Ͻ 50, the amplitude errors are smaller than when the cosine term is approximated by unity, but there are large errors in the location of the maxima and minima. Again, these errors increase in magnitude as z approaches the aperture. In this case there is tapering of the maxima and minima as seen in the closed-form solution.
Figure 9(d) shows the complete closed-form solution of Eq. (5) and the on-axis irradiance computed by using Eq. (1) with all the usual approximations included. The solid curve is the complete, closed-form solution, and the dotted curve is the irradiance calculated by making the usual approximations of ignoring the 1 in the (1 Ϫ ikr) term, setting the cosine term equal to unity, and making the paraxial approximation in the Rayleigh-Sommerfeld diffraction formula. The plot shows good agreement with the complete closed-form solution beyond 50. However, for values of z Ͻ 50, the various errors due to the individual approximations examined above have a compounding effect when all the approximations are included. Large amplitude errors as well as errors in the location of the maxima and minima are present. These errors increase in magnitude as z approaches the aperture.
CONCLUSIONS
It is surprising to observe that the term 1 that we usually neglect from (1 Ϫ ikRЈ) resulted in a contribution that exactly canceled the contribution from the term that we usually keep, namely, ikRЈ. It seems that this observation would cast doubt on the approximation that we usually make in the integrand of the diffraction integral. The results presented here, however, show that the approximation works well for all values of z; those close to the aperture (but not too close!) as well as those in the far zone.
When we keep the 1 in the (1 Ϫ ikr) term and perform the integration for the on-axis irradiance of a circular aperture, the secondary wavelets of Huygens are canceled exactly by a term contributed by the 1. Thus, diffraction may be interpreted as the on-axis interference of the incident plane wave with a boundary wave from the rim of the aperture, a concept originally put forth by Young. 7 An interpretation of the formulas derived here can be given in terms of a vector diagram. Figures 3 and 4 show that the vectors for the diffraction amplitude from the circular aperture, the amplitude from the disk, and the incident amplitude are in complete agreement with Babinet's principle. The angle between the vectors that represent the incident and the diffraction amplitude from the disk is k(R a Ϫ z) rad.
Fresnel zone plates were analyzed by using the complete Rayleigh-Sommerfeld formulation, and several subtle nuances of their characteristics were revealed. Although the Fresnel zone plates are circular, the plots show that the on-axis irradiance at the principal focus has a sinc 2 distribution along the z axis, a distribution usually associated with rectangular diffracting geometries. The sinc 2 feature may be associated with the sharp edge of the zones. As one approaches the plates from the principal focus, the secondary maxima display rectangular Fresnel diffraction type distributions of the irradiance along the z axis. It was shown that the complete Rayleigh-Sommerfeld formulation could be applied to converging-wave illumination of a circular aperture as well. The solutions obtained were well behaved. In the neighborhood of the aperture, the Rayleigh-Sommerfeld formulation recovered the boundary values as well.
The other approximations typically made when the Rayleigh-Sommerfeld diffraction formulation is used were investigated as well. The figures show that the approximation of the cosine term to unity generated large amplitude errors and did not display the tapering of the maxima and minima of the on-axis irradiance for values as one approached the aperture. The error increases with smaller z. However, the location of the maxima and minima did not change from those of the closed-form solution.
The paraxial approximation generates amplitude errors and errors in the locations of the maxima and minima of the on-axis irradiance at relatively large values of z. The errors become more severe as z approaches the aperture. When all approximations are combined, the error due to each approximation is compounded by other approximations.
The results of this study indicate that one must use caution when approximating the Rayleigh-Sommerfeld diffraction formula. Subtle nuances can be missed easily and erroneous results obtained.
